Advances in analog-to-digital converter (ADC) technology have opened up the possibility to directly digitize wideband radio frequency (RF) signals, avoiding the need for analog down-conversion. In this work, we consider an orthogonal frequency-division multiplexing (OFDM)-based massive multiuser (MU) multiple-input multiple-output (MIMO) uplink system that relies on direct RF-sampling at the base station and digitizes the received RF signals with 1-bit ADCs. Using Bussgang's theorem, we provide an analytical expression for the errorvector magnitude (EVM) achieved by digital down-conversion and zero-forcing combining. Our results demonstrate that direct RF-sampling 1-bit ADCs enables low EVM and supports highorder constellations in the massive MU-MIMO-OFDM uplink.
I. INTRODUCTION
Massive multi-user (MU) multiple-input multiple-output (MIMO) will be a key technology in upcoming cellular communication systems [1] . This technology enables significant gains in spectral efficiency and energy efficiency [2] - [4] by equipping the base-station (BS) with a large number (e.g., hundreds) of antenna elements and serving multiple user equipments (UEs) simultaneously in the same frequency band.
To fully exploit the advantages of massive MU-MIMO, each antenna element at the BS needs to be equipped with a set of analog-to-digital converters (ADCs) and digital-to-analog converters (DACs) to enable digital beamforming. However, to keep power consumption and system costs within tolerable limits when scaling up the number of antenna elements in such all-digital beamforming architectures, low-resolution (e.g., 1-to-6 bits) ADCs and DACs should be used at the BS, which inevitably deteriorates the system performance. Quite surprisingly, it has been shown that massive MU-MIMO isup to some extent-robust against the imperfections caused by low-resolution ADCs and DACs at the BS [5] - [18] .
A. Homodyne Transceiver
Existing theoretical results in [5] - [18] that analyze lowresolution data converters (ADCs and DACs) in massive MU-MIMO, implicitly assume that homodyne transceivers, The work of SJ and GD was supported in part by the Swedish Foundation for Strategic Research under grant ID14-0022, and by the Swedish Governmental Agency for Innovation Systems (VINNOVA) within the competence center ChaseOn. The work of ICZ and CF was supported by the Swedish Research Council under Grant 2015-04000. The work of CS was supported in part by Xilinx, Inc. and by the US National Science Foundation under grants ECCS-1408006, CCF-1535897, CCF-1652065, CNS-1717559, and ECCS-1824379. also known as direct-conversion transceivers, are used at each antenna element at the BS. Homodyne transceivers perform down-conversion of radio frequency (RF) signals to baseband (BB) and up-conversion of BB signals to RF in the analog domain. In the receiver part of a homodyne transceiver, after analog down-conversion, the received BB signal is converted from the analog domain into the digital domain (an operation that involves sampling and quantization) by a pair of ADCs at each antenna element (one for the inphase component and one for the quadrature component). In the transmitter part of a homodyne transceiver, before analog up-conversion, the in-phase and quadrature components of the transmitted BB signal are generated by a pair of DACs.
B. Direct RF-Sampling Transceiver
The sampling rates and energy efficiency of data converters are steadily improving every year [19] , [20] , which opens up the possibility to design radio transceivers that perform analogto-digital and digital-to-analog conversion directly in the RF domain, thus removing the need for analog up-and downconversion. In such direct RF-sampling transceivers, much of conventional RF circuitry, including local oscillators (LOs), filters and mixers, is replaced by digital signal processing (DSP), which enables simpler hardware designs, greater flexibility, and reduced system costs [21] - [24] .
In a direct RF-sampling transceiver, the sampling rate of the ADCs and DACs is typically of the order of several GS/s as it must be able to sample the frequency band of interest. Since the power consumption of data converters increases super-linearly with the sampling rate (for high-speed converters) and exponentially with the resolution [20] , the design of low-resolution solutions for direct RF-sampling digital-beamforming systems is of paramount importance. Hence, 1-bit direct RF transmitters have been proposed in [25] , [26] . In both these works, the 1-bit transmit waveform is generated by a band-pass ΔΣ modulator, which is implemented in a field-programmable gate array (FPGA), and fed to the antenna element over an optical interface. A 1-bit direct RF-sampling single-antenna receiver has been presented in [27] . In order to meet the errorvector magnitude (EVM) requirements set by the long-term evolution (LTE) and new radio (NR) standards [28] , [29] , the received signal in [27] is, prior to 1-bit quantization, dithered by a triangular waveform, which is subsequently subtracted from the quantized signal in the digital domain. The results 978-1-7281-0960-2/19/$31.00 ©2019 IEEE in [25] - [27] demonstrate the feasibility of direct RF-sampling transceivers with 1-bit ADCs and DACs. A theoretical analysis of the EVM achievable in such systems is, however, missing.
C. Contributions
In this work, we consider a massive MU-MIMO uplink system in which the BS is equipped with direct RF-sampling 1-bit ADCs. We focus on the scenario in which orthogonal frequency-division multiplexing (OFDM) is used to communicate over frequency-selective channels. Using Bussgang's theorem [30] , we derive an analytical expression for the EVM achieved by digital down-conversion (DDC) and zeroforcing (ZF) combing. We demonstrate that low values of EVM are attainable and high-order constellations are supported without dithering, provided that the signal-to-noise ratio (SNR) is not too low and not too high. We furthermore show that highorder constellations can be supported also in the high-SNR regime by using a simple nonsubtractive dithering scheme.
D. Notation
The M × 1 all-zeros vector and the M × M identity matrix are denoted by 0 M and I M , respectively. The signum function sgn(·) is applied entry-wise to vectors and defined as sgn(a) = 1 if a ≥ 0 and sgn(a) = −1 if a < 0. The real part of a complex-valued vector a is {a}. The 2 -norm of a is a 2 . The trace and main diagonal of a matrix A is tr(A) and diag(A), respectively. The pseudo-inverse of a tall matrix A
II. MASSIVE MU-MIMO-OFDM UPLINK WITH DIRECT RF-SAMPLING 1-BIT ADCS
We consider a massive MU-MIMO-OFDM uplink system as depicted in Fig. 1a . Here, U single-antenna UEs (with ideal hardware) transmit in the same time-frequency resource to a B-antenna BS that is equipped with direct RF-sampling 1-bit ADCs. As a reference, Fig. 1b depicts a massive MU-MIMO-OFDM uplink system with homodyne receiver chains and BBsampling 1-bit ADCs at the BS. For the direct RF-sampling receiver, the LO and the mixers in Fig. 1b are replaced by a DDC stage in Fig. 1a , essentially moving complexity from the analog domain to the digital domain.
A. Channel Input-Output Model
In what follows, we assume that all filters and low-noise amplifiers (LNAs) at the BS are ideal. We furthermore assume perfect timing and frequency synchronization between the BS and the UEs. Indeed, it has been shown in, e.g., [31] - [33] that accurate timing and frequency synchronization can be achieved even with low-resolution quantization. Under these assumptions, the nth sample of the discrete-time 1-bit quantized RF signal received over the B BS antennas can be written as follows:
Here, y RF n ∈ R B is the nth sample of the discrete-time RF signal, before 1-bit quantization, which we model as
Here, f c denotes the carrier frequency, f s denotes the sampling rate, and w RF (3) is given by
where H ∈ C B×U , = 0, 1, . . . , L − 1, is the th tap of the frequency-selective channel connecting the U UEs to the B-antenna BS. Without loss of generality, we focus on the transmission of a single OFDM symbol for which the discretetime transmit symbols s n ∈ C U in (4) are obtained through an inverse discrete Fourier transform (IDFT) as follows:
Here, N ≥ L is the total number of BS-side samples per OFDM symbol and S ⊂ {0, 1, . . . , N − 1} is the set of occupied subcarriers. The vectorŝ k ∈ C U contains the transmitted frequency-domain symbols from the U UEs. It holds that E ŝ kŝ H k = E s I U for k ∈ S and s k = 0 U for k / ∈ S. To avoid interference between adjacent OFDM symbols, a cyclic prefix (CP) of L − 1 samples is prepended to {s n }.
We define the signal-to-noise ratio (SNR) as SNR = E s /N 0 , the signal bandwidth as BW = (S/N )f s and the oversampling rate (OSR) of the direct RF-sampling 1-bit ADCs as OSR = N/S. In direct RF-sampling systems, the sampling rate typically exceeds by far the signal bandwidth, i.e., we have f s BW such that OSR 1.
B. Linear Decomposition using Bussgang's Theorem
Bussgang's theorem is a simple yet powerful tool to analyze the impact of hardware impairments (see, e.g., [10] - [14] ). This theorem states that the correlation of two Gaussian signals, after one of them has undergone nonlinear distortion, is proportional to the correlation computed before the nonlinear distortion [30] . We will use this result to analyze the performance of direct RF-sampling with 1-bit ADCs. In what follows, we assume that y RF n is Gaussian distributed, which is a valid assumption for (i) OFDM signals or (ii) low SNR scenarios (where AWGN dominates). With Bussgang's theorem, the 1-bit quantized RF signal in (1) becomes
where the non-Gaussian RF distortion term e RF n ∈ C B is uncorrelated with the input y RF n . Furthermore, the diagonal matrix G ∈ R B×B is given by [34] 
where
To arrive at a closed-form expression for G, we shall first derive a closed-form expression for R y RF [m]. It follows from (2) that
otherwise.
Here
n is a circularly symmetric random variable it follows from (3) and (4) that
where H k = L−1 =0 H e −j2π(k/N ) ∈ C B×U is the frequencydomain channel matrix associated with the kth subcarrier. By inserting (8) and (9) into (7), we find a closed-form expression for G as follows:
C. Digital Down-Conversion and Linear Combing
Recall that in direct RF-sampling systems, the sampling rate typically exceeds the signal bandwidth by a large margin. Therefore, the received RF signal passes through a DDC stage (in which it is digitally filtered and down-sampled) prior to processing in the DSP unit. In this work, we assume that the DDC stage is ideal, such that the frequency content associated with the set S of occupied subcarriers is preserved perfectly and the rest is filtered out completely. Hence, the number of samples per OFDM symbol can be reduced from N to S without sacrificing performance and the received frequencydomain BB signal can be written as follows:
By inserting (6) into (11), it can be shown that
wherê
is the frequency-domain BB distortion on the kth subcarrier. Furthermore,ŵ BB k = 2/N N −1 n=0 w RF n e −j2π(k/N +fc/fs)n ∼  CN (0 B , N 0 I B ) is the AWGN on the kth subcarrier.
By assuming perfect channel state information (CSI) at the BS, the ZF estimateŝ est k of the transmitted symbolsŝ k is obtained fromẑ BB k as follows:
Here, A k = (G H k ) † ∈ C U ×B . By inserting (12) into (14), we finally obtain
Note that this expression provides a linear relationship between the input symbols and the output of the ZF combiner, which we next exploit when computing the EVM.
III. ERROR-VECTOR MAGNITUDE
We define the EVM after DDC and ZF combining, averaged over the S occupied subcarriers and the U symbol streams as
The denominator is given by
The expected value in the numerator can be expanded using (15) , which yields
where (20) where R e RF [m] = E e RF n (e RF n−m ) H ∈ R B×B . Since the vectors y RF n and e RF n are uncorrelated, it follows from (6) that
Using Van Vleck's arcsine law [35] , we can write the autocovariance of the 1-bit quantized RF signal as follows:
Now, using (21) and (22), we can rewrite (20) as follows: By inserting (10), (17), (19) , and (24) into (16) we arrive at an analytical expression for the EVM after DDC and ZF combing that depends on the second-order statistics of the input to the direct RF-sampling 1-bit ADCs, which in turn depends on the realization of the wireless channel.
IV. NUMERICAL RESULTS
We now show numerical results to confirm the validity of our analysis. Due to space constraints, we focus on a small set of parameters. Unless stated otherwise, we consider a massive MU-MIMO-OFDM uplink system with B = 32 BS antennas and U = 4 UEs. The carrier frequency is f c = 2.4 GHz and the sampling rate of the direct RF-sampling 1-bit ADCs is f s = 10 GS/s. The number of samples per OFDM symbol is N = 4096 and the number of occupied subcarriers is S = 9, which leads to BW ≈ 22 MHz and OSR ≈ 455. The set of occupied subcarriers is S = {4093, 4094, 4095, 4096, 0, 1, 2, 3, 4}. We average the EVM over 25 random realizations of a frequencyselective Rayleigh fading channels with uniform power delay profile. The number of taps is L = 1000, which corresponds to a delay spread of L/f s = 100 ns. For each channel realization, we send 25 OFDM symbols with randomly generated 16-QAM symbols on the occupied subcarriers.
As a proof-of-concept, we first show the received 16-QAM constellation after DDC and ZF combing in Fig. 2 . We observe from Fig. 2a that, despite the quantization artifacts caused by direct RF-sampling with 1-bit ADCs, the constellation points in the 16-QAM constellation are clearly distinguishable. As a reference, the received constellation for the infinite-resolution (no quantization) case is shown in Fig. 2b .
A. Error-Vector Magnitude
In Fig. 3 , we show the EVM as a function of the SNR and the number of BS antennas. We also provide the minimum EVM requirement for different modulation schemes according to the LTE and NR standards [28] , [29] . We note that, in the 1-bit-ADC case, the EVM does not decrease monotonously with the SNR. This problem can be remedied by using nonsubtractive dithering, as we shall discuss in Section IV-C. We note that high-order constellations are supported if the SNR is not too low and not too high. For example, with B = 32 antennas, 64-QAM is supported only for SNR values in the range 11 dB-to-16 dB. With B = 64 antennas, 64-QAM is supported for SNR values in the wider range 7 dB-to-17 dB. At low SNR, the analytical results match the simulations perfectly. At high SNR, there is a slight discrepancy between the analytical results and the simulations stemming from the fact that the received signal is not Gaussian distributed, which is required by our analysis.
B. Power Spectral Density
To gain insight into why the performance degrades with increasing SNR, we show the power spectral density (PSD) of the 1-bit quantized RF signal {z RF n } for the frequency range 1 GHz-to-3 GHz in Fig. 4 . We obtain the analytical PSD by computing the discrete Fourier transform (DFT) of the autocovariance {R z ZF [m]}. We start by noting that the signal of interest is clearly visible at f c = 2.4 GHz, even after 1-bit quantization. As the SNR increases, more of the distortion ends up in the same frequency band as the signal of interest due to an increased temporal correlation in {y RF n } and, hence, this distortion does not get filtered out in the DDC stage.
C. Nonsubtractive Dithering
From (21) and (22), we see that temporal correlation in the quantizer input leads to temporal correlation in the distortion. Increasing the noise reduces the temporal correlation, which, in turn, means that less of the distortion ends up in the same frequency band as the signal of interest. With dithering, i.e., by intentionally adding noise to "decorrelate" the quantization error, the input to the direct RF-sampling 1-bit ADCs is
where d RF n ∈ R B is the dither signal. In this work, we consider nonsubtractive dithering (the dither signal is not subtracted in the digital domain and, hence, does not need to be known in the DSP unit). Specifically, we consider uniform binary dither in which the entries of d RF n are drawn uniformly from the set {± D 0 /2} and Gaussian dither in which the entries of d RF n are drawn from a N (0, D 0 /2) distribution. We note that uniform binary dithering could be implemented using 1-bit DACs. The autocovariance of {y RF n } in (8) becomes
By replacing N 0 with N 0 + D 0 in our analysis, we find an expression for the EVM with nonsubtractive Gaussian dithering. In Fig. 5 , we show the EVM with and without nonsubtractive dithering. Here, we have optimized D 0 for each SNR value. With Gaussian dithering, the EVM does not increase with the SNR; with uniform binary dithering, the EVM is lower than that for the nondithered case but still increases with SNR at high SNR values.
V. CONCLUSIONS
We have shown that low values of EVM and high-order constellations can be achieved in a massive MU-MIMO-OFDM uplink system in which the BS is equipped with direct RFsampling 1-bit ADCs. We have derived an analytical expression for the EVM after DDC and ZF combing by leveraging Bussgang's theorem and Van Vleck's arcsine law.
There exist many avenues for future work. Demonstrating a cost-effective, real-world implementation of direct RFsampling in multi-antenna transceivers is part of ongoing work. A key concern about direct RF-sampling receivers is their sensitivity to blocking [21] ; a study addressing this issue is part of future work. 
